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Abstract 

We study deformation of J\f = 4 super Yang-Mills theory from type IIB super- 
strings with D3-branes in the constant R-R background. We compute disk ampli- 
tudes with one graviphoton vertex operator and investigate the zero-slope limit of 
the amplitudes. We obtain the effective action deformed by the graviphoton back- 
ground, which contains the one defined in non(anti)commutative M = 1 superspace 
as special case. The bosonic part of the Lagrangian gives the Chern-Simons term 
coupled with the R-R potential. We study the vacuum configuration of the deformed 
Lagrangian and find the fuzzy sphere configuration for scalar fields. 



1 Introduction 



Ramond-Ramond (R-R) background in type II superstring theories plays an important 
role in studying effective theories on the D-branes. In particular constant graviphoton 
background induces non(anti)commutativity in world- volume superspace pflEJIH]. -Af = 1 
super Yang-Mills theory on non(anti)commutative superspace (TV =1/2 superspace) [I] is 
obtained from type IIB superstrings with constant graviphoton background compactified 
on a Calabi-Yau threefold. The deformed action was constructed explicitly in [5 J from open 
string amplitudes in type IIB superstring theory compactified on an orbifold C 3 /Z 2 x Z 2 
in graviphoton background. 

Non(anti)commutative M = 2 harmonic superspace provides various types of deformed 
Af = 2 supersymmetric gauge theories [61 [Tl [HI El EE]- In a previous paper [IT] , two of 
the present authors studied the deformation of M = 2 supersymmetric Yang-Mills theory 
from the open string disk amplitudes with one graviphoton vertex operator in type IIB 
superstring theory. The deformed M = 2 super Yang-Mills theory is realized as the low- 
energy effective theory on the D3-branes in the type IIB superstrings compactified on 
C 2 /Z 2 with constant graviphoton background. The constant R-R backgrounds are 
classified into four types of deformations (S,S), (S,A), (A,S) and (A,A)-types, in which 
(S,S) and (A,A)-types deformations are related to the deformation of M = 2 superspace. 
By choosing the (S,S)-type graviphoton background and the appropriate scaling condition, 
it was shown that the effective Lagrangian on the D3-branes becomes the deformed one 
in non(anti)commutative M = 2 harmonic superspace at the lowest order in deformation 
parameters. 

It is an interesting problem to extend this deformation to M = 4 case. Since super- 
space formalism keeping M = 4 supersymmetry manifestly is not yet known, superstring 
approach provides a systematic method for understanding general non(anti)commutative 
deformation of M = 4 theory. The couplings between R-R fields and the world-volume 
massless fields on the Dp-branes have been studied in [T2l [13] , which are written in the 
form of the Chern-Simons action. In recent papers [HI . by restricting the constant five- 
form background to the deformation parameter of M = 1/2 superspace, it is shown that 
the bosonic part of the Chern-Simons action reduces to the deformed interaction terms 
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of the M = 4 super Yang-Mills theory in M = 1/2 superspace. The interaction terms in- 
cluding fermions are constructed by the supersymmetric completion [14] using remaining 
super symmetries but disagree with the deformed action based on non(anti)commutative 
superspace. 

In this paper we will study the deformation of M = 4 supersymmetric Yang-Mills the- 
ory from open string amplitudes in the constant R-R background. We put the D3-branes 
in type IIB superstrings in flat ten-dimensional (Euclidean) space-time. We will compute 
open superstring disk amplitudes with one graviphoton vertex operator and determine the 
low-energy effective Lagrangian at the first order in the deformation parameter C. We 
will find the effective action in a special graviphoton background is consistent with the 
deformed action defined on non(anti)commutative M = 1 superspace at the first order in 
C. 

The action contains new scalar potential terms deformed by C. This term corresponds 
to the Myers term [T2] which gives rise to a dielectric configuration for scalar fields. In 
the M = 1/2 superspace formalism, this type of configuration was found in [T4|. In the 
present paper, we will explore the fuzzy two-sphere configuration for the scalar fields in 
the presence of constant U(l) gauge fields, based on the (S,S)-type deformed action. 

This paper is organized as follows: in section 2, we review D3-brane realization of M = 
4 super Yang-Mill theory in type IIB superstring theory and classify the R-R background. 
In section 3, we calculate the disk amplitudes with one closed string graviphoton vertex 
operator and the effective action on the D3-branes. In section 4, we study the vacuum 
configuration of the deformed Af = 4 theory and find the fuzzy two-sphere configuration 
for scalar fields. 

2 D3-brane realization of J\f = 4 super Yang-Mills 
theory 

In this section we review the D3-brane realization of M = 4 super Yang- Mills theory [15] . 
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2.1 Type IIB superstrings 

We begin with explaining type IIB superstrings in flat space-time. We will use the NSR 
formalism. Let X m (z, z), ip m (z) and ip m (z) (m = 1, • ■ ■ , 10) be free bosons and fermions 
with world-sheet coordinates (z,z). Their operator product expansions (OPEs) are given 
by X m (z)X n (w) ~ — 5 mn \n(z — w) and ip m (z)il) n (w) ~ S mn / (z — w). Here the space-time 
signature is Euclidean. Fermionic ghost system (b, c) with conformal weight (2,-1) and 
bosonic ghost system 7) with weight (3/2, —1/2) are also introduced. The world-sheet 
fermions tp m (z) are bosonized in terms of free bosons <fi a (z) (a = 1, • ■ • , 5) by 

f ±ea {z) = -J=(^ 2a ~ 1 T iijj 2a ) —■ e ±<f>a {z) '■ c e a. (1) 

Here <p a (z) satisfy the OPE (p a (z)4> b (w) ~ S ab ln(z — w) and the vectors e a are orthonormal 
basis in the SO (10) weight lattice space and c e a is a cocycle factor [IB] . The bosonic 
ghost is also bosonized [17]: (3 = d^e"^, 7 = e^rj with OPE <f)(z)(fi(w) ~ — \n(z — w). 
The R-sector is constructed from spin fields 5 (z) = e A *0)c A , where <fi = <p a e a and 
A = |(±ei ± e 2 ± e 3 ± e 4 ± e 5 ). A belongs to the spinor representation of 50(10). c\ is a 
cocycle factor. In type IIB theory, after the GSO projection, we have spinor fields which 
have odd number of minus signs in A, for both left and right movers. 

We now introduce parallel iV D3-branes in the (x 1 , ■ ■ ■ , x 3 )-directions. Since the D3- 
branes breaks the ten-dimensional Lorentz symmetry 50(10) to 50(4) x 50(6), the spin 
field S x (z) is decomposed as (5^5^, S a S A ), where S a and S a (a, a = 1,2) are four- 
dimensional Weyl spinor and S A and S A (A = 1,2,3,4) are six- dimensional Weyl spinor. 
S A (Sa) belongs to the (anti-)fundamental representation of 5?7(4). The Dirac matrices 
for four dimensional part are = (ir 1 , ir 2 , ir 3 , 1) and = (—it 1 , —ir 2 , —ir 3 , 1), where 
t % (i = 1, 2, 3) are the Pauli matrices. The Lorentz generators are defined by = 
\(a^a v - a u a^) and = - a v a^. 

The gamma matrices for six-dimensional part are given by 

£» = (f, -if, f, -if, f, if) , S a = (-f, -if, -f, -if, -f, if), (2) 

where a = 1, • • • ,6. 77* and f v are 't Hooft symbols, which are defined by = ^rj^ u T a 
and a^u = \f v T a - The matrices <^ satisfy the algebra 

(S a ) AB (S a ) BC + (T, b ) AB (Jl a ) BC = 25 ab 5 A . (3) 
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The massless spectrum of open strings contain gauge fields A^, six scalars (p a in the 
NS sector and gauginos A aA and A^a in the R sector. The vertex operators for gauge and 
scalar fields in the (—1) picture are given by 

V^ivip) = (2W)^f(t/)e-^e ! ^ I ( ! ') 

(4) 

while in the picture, they are given by 

Vf(y;p) = 2i(2W)U M (p) (dX»{y) + i(2f«')^ • ^"(y)) e iv/ ^ 7p - xfe) , 
V^(y;p) = 2z(2W)^ (p) (dX a (y) + z(2W)^p • ^ a (?/)) e 1 ^^. (5) 

The gaugino vertex operators in the (—1/2) picture are 

vt 1/2 \y,P) = (2naf±A aA (p)S a (y)S A (y)e-^e tV ^ p - x< -y\ 
V<r 1/2 \y;p) = (2na')iA AA (p)S A (y)S\y)e-^e^^. (6) 



We adapt dimensionless four-momentum \/2na'p to ensure that the momentum represen- 
tation of a field have same dimension of space-time field. 

2.2 R-R vertex operator 

The vertex operators for massless states in the R-R sector of type IIB superstrings are 
constructed from the tensor product of spin fields (S a S A , S^Sa) and (S@S B , S^Se)- We 
will study the effect of constant R-R background, which is described by the closed string 
vertex operator 

- z) = {2 7raf^ AB S a S A e-^(z)S p S B e-^(z). (7) 

We note that general massless closed string states in the R-R sector contain the field 
strength of types J- a a A B, Fa a A B , and T^ AB . Since the vertex operator ((Tj) provides a 
generalization of the deformations of M = 2 non(anti)commutative superspace [11] . we 
will consider this type of deformation in the present work. 
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As in the M = 2 case [TT], the field strength is decomposed as 

-papAB _ jr(af3)(AB) + <p(af3){AB] + jr{af3](AB) + -p{af3][AB] _ ^ 

Here the parenthesis (AB) represents symmetrization of indices A and B. [AB] represents 
anti-symmetrization. We call these backgrounds (S,S), (S,A), (A,S), (A,A)-type deforma- 
tions respectively. We now examine the correspondence between the field strength j^ a ^ AB 
and the p-form R-R field strengths in type IIB superstrings. 

For four-dimensional sector, the tensor f a @ can be decomposed into the singlet and 
the self-dual tensor parts: 

r* = <f#f + {p»»y#f )a ,. (9) 

The first term corresponds to antisymmetric part and the second to the symmetric part. 

For six- dimensional sector, the spinor indices are labeled by the fundamental repre- 
sentation 4 of SU(4). The tensor product 4 <S> 4 can be decomposed into 6 © 10, which 
corresponds to the vector or the self-dual 3- form representation, respectively. In fact, the 
tensor g AB is expressed as 

g AB = pa)AB ga + (Z« bc ) AB g abc . (10) 

Here we define a matrix which is totally antisymmetric with respect to the space indices 
of abc, 

The first term in fTTOl) corresponds to the antisymmetric part and the second to the 
symmetric part. The matrix S abc is self-dual: 

(Z abc ) AB = ^e abcde f(Z def ) AB , (12) 
and consequently the three-form g abc also satisfies the self-dual condition, 

gabc = —^abcdefg def - (13) 

From the decompositions (jHJ) and ( jTOi) . we find that the jF a/3AB can be decomposed 
into 

= ( e «f3 f + ( a ^yPf^) x ((^) AB g a + (Z abc ) AB g abc ) 

= fg a e^(lT) AB + fg abc e a P(Z abc ) AB + UM^T^^)^ 

+f^gaU^T^(^ abc ) AB , (14) 



which corresponds to 

papAB _ ( R _ R i_fo rm ) ( R _ R 3 _f orm ) (R-R 3-form) © (R-R 5-form). (15) 

The decomposition (j!4p shows that the (A, A) deformation corresponds to the R-R 1-form, 
the (A,S) and (S,A) deformations to the R-R 3-forms, and the (S,S) deformation to the 
R-R self-dual 5-form. In fact, if we identify the self-dual five-form field strength F mn Pi r 
as 

F^ abc = U„g abc , (16) 
then it satisfies the self-dual condition in the 10-dimensional space, 

~~ 2!3! pvdef- \ l I ) 

We note that the similar decomposition holds in the case of the deformation of M = 2 
super Yang-Mills theory [TT], which is constructed from the type IIB superstrings com- 
pactified on C x C 2 /Z 2 . 

2.3 Disk amplitudes and auxiliary field method 

The action of M = 4 supersymmetric Yang-Mills theory is obtained by evaluating correla- 
tion functions of the vertex operators given in equations (j4j), (151) , ([6]). Let us consider disk 
amplitudes with boundary attached on the D3-brane world volume. The disk is realized 
as the upper half of complex plane. The boundary condition of the spin field [T5] is 

S a SA(z) = S a S A (z) 

The disk amplitudes can be calculated by replacing S a SA(z) by S a SA(z) in the correlator. 
The n + 2njc-point disk amplitude for n vertex operators V^. (jji) and R-R vertex 
operators V T 2 ' 2 [Zj,Zj) is given by 

• ■ ■ V*-*-*> • • •» = Cn. f ^ dV f M ^ M • • ■ 

J « v C KG 

(19) 

Here Cd 2 is the disk normalization factor 
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and c/ym is the gauge coupling constant, k is a normalization constant of U(N) generators 
rpa. Xr(T a T f ') = k5 ab . dVcxG is an SL(2, R)-invariant volume factor to fix three positions 
Xi, x 2 and X3 among y iy Zj, and z/s: 

dx l dx 2 dx z 

dVcKG = 7 w w r- l^J-J 

[X! - X 2 ){x 2 - X 3 )(X 3 - Xx) 

The open string amplitudes in the zero slope limit shows that the effective action on 
the D3-branes is that of M = 4 super Yang-Mills theory: 



Af=4 
SYM 



1 1 



k 9ym 



Tr 



■\f^ [Fr + F, v ) - iA<* A (a») a$ D„A' A - 1 

1 An— r —a , 1 /=ra\ . A r . 1 



1 

2 



+ o ( sa ) A^^a, A° B ] + - (^ a ) AB A aA [(f a , A^] + -[^ 



where 



(22) 



hi/ 



dfj,A u — d u A^ + i[A^, A u ], 



Dft<Pa = d fl ip a + i[A^,Lp a ] 



(23) 



and Afj, = A^T 11 etc. F^ is the dual of F^. 



We use the auxiliary field method [5j [TT] to simplify the string amplitudes including 
contact terms. We introduce the auxiliary fields H^ u , H^ a and H a b and rewrite the action 
( j22j) into the form 



SYM 



1 


1 


6YM 


fc 


1 


1 


9ym 


fc 


1 


1 


5ym 


k 


1 


1 


9ym 


A- 



Tr 
Tr 



^(d,A u - d u A fl )d^A u + id,A u [A», A v ] + ^H C H C + hl^A^ A" 

-HabHab + -^H ab [if ai Lf b ] 

iA A a»D»A A - \ (^A^Xb) ~ \ (S a ) AB A QA ba, Af] -(24) 



All quartic interactions in ([22]) are replaced by cubic ones. The vertex operators for 
auxiliary fields are given by 

VSIM = ^(2na')H, u (p)rre tV ^ p - X (y), 

V§l{y-p) = 2(2 m ')^(p)ff(t/)e iv&p - XM , 



1A V ' 

'(0) 



v£>;p) = -^(H^(p)f/(!/)e^- I(9) . 



(25) 
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3 Disk amplitudes in the constant graviphoton back- 
ground 



In this section we calculate disk amplitudes including one graviphoton vertex operator in 
the zero-slope limit and study the deformed Af = 4 super Yang-Mills action at the order 
0{T). 

As in the M = 1 [5] and M = 2 [19j [H] cases, the deformed action depends on the 
scaling condition for the graviphoton field strength. In this paper we fix the zero-slope 
scaling of R-R field strength as 

(27ra / )^ Q/3AB = C a(3AB = fixed. (26) 

In this scaling, the parameter C al3AB has mass dimension —1, which is the same dimension 
as the deformation parameters in non(anti)commutative superspace. We will also focus 
on the (S,S)-type background j^( a P)( AB ) ^ which corresponds to the self-dual R-R 5-form 
background and is expected to give a generalization of non-singlet deformation of M = 2 
superspace [TT] . 

When the R-R vertex operator (j7j) is inserted in the disk, the charge conservation for 
internal spin fields restricts possible insertions of the open string vertex operators. In 
fact, the operators of types AA, AAy? and <p<p<p cancel the internal charge of the R-R 
vertex operator. In the zero slope limit with the scaling condition fT26|) . we find that the 
following amplitudes become nonzero in the (5", S^-type background: 

^0)^-1/2)^-1/2)^-1/2.-1/2^ + {{v myi-im v i-w v <-i/i,-im ))i (27) 

((^2)^-1/2)^0)^-1/2,-1/2)^ + ^-1/2)^-1/2)^^-1/2,-1/2)^ (2g) 

((V (o> V (o, v y 1,^-1/2,-1/2)^ + {{v mvm v <.- Dvi-^-m^ 

+((«^M-" V1 "» J (29) 

((vf } vZvyM- y2 -- im )) + {(ySlv§lX'M- y2 - y2 \ (30) 

WZvl^vt 112 ^- 11 *)). (31) 

As in the M = 1 [5] and M = 2 [llj cases, gauge invariance in the effective action is 
ensured by the fact that the derivative d fM A u or d^tp appears together with auxiliary fields 
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H^ v and Ha?, respectively. The derivative terms turn out to be covariant derivatives 
after integrating out auxiliary fields. Appropriate weight factors of the amplitudes must 
be taken into account to keep the gauge invariance of the results. We now compute the 
amplitudes (j2"T)) - (l3"U|) explicitly. 



The first term of the amplitudes (|27j) is given by 

«Kf , ( Pl )vf 1/2, fe)vf I/2, fe)v4- 1/2 '- 1/2, » 
1 1 



2ttV 2 kg\ M 



(2 ? )(2W) 3 Tr [AMA aC (p 2 )A pD (p 3 )} J*#)M 



x 



x 



dVc 



CKG 



ff( !/1 ) + 1 (2TO^ 1 „ff(!/i)) S«(y 2 )SP(y 3 )S a (z)Sp(z)]Je l ^^ x ^ 

3=1 



(32) 



We note that dX^ in the last correlator of fl32l) does not contribute to the amplitude 
because of symmetric property of ^'( Q / 3 )( AB ). The correlation functions are calculated by 
using bosonization formulas summarized in Appendix A. We then perform the world-sheet 
integral of the form 



z-z 



DO /"J/2 

oo^ 2 J-oo dy3 (2/2 - z)(y 2 - z)(y 3 - z)(y 3 - z) 



71 



m 2 ^ 



which is done by fixing the world-sheet coordinates to z 
amplitude becomes 

((Kl 0) (Pl)^- 1/2) fe)^- 1/2) b3)^ 1/2 '- 1/2) )) 



I, Z 



-*,yi 



(33) 
oo. The 



47T 2 i 
%YM 



Tr 



^) Q/3 ^i [At ^ ] (p 1 )A (iA (p 2 )A Q B (p3) (2^0^ 



7 (a(3)(AB) 



(34) 



The second term in (1271) can be evaluated in the same way. The result is 



= -ii^-Tr [(<T"") (ia ff^(p 1 )A M (P2)A A i! (P3)] (2 m !)ip a ^ AB \ (35) 



We need to add another color order contribution, which actually gives the same result 
and cancels the symmetric factor 1/2!. The interaction terms in the effective Lagrangian 
obtained from the amplitudes ( 1341) and ( l35l) are given by 



AtiH _ 
"ym 



{(T<"') a p [ d lft A v] - l -H„ v ) A« A A B 



{27ra , )^ {amAB) ■ (36) 



The first term in the amplitudes (128]) is given by 

((^ 1/2 Hpi)^ 1/2) (p 2 )^ (0) (P3)^ lA - 1/2) )) 

= ^^-(2^)(2W) 3 Tr [A^( Pl ) A $D (p 2 )p a (p 3 )] T^ A ^ 

J dV CKG {e > 
x ( S J S c (y 1 )S & S D (y 2 ) (dX a (y 3 ) + ^la^p^f f (f, 3 ; 



xS a S A (z)Sf,S B (z) JJ^v^Pi-xfe) \ (37) 

3=1 / 

Here <9X a does not contribute to the amplitude for the (S,S)-type background. Using the 
formula for the five point function of spin fields in Appendix A, we obtain 

( ( K r i/2, ( P i)v4- i/2, ( P2 )v«°>( P 3)^ i/2 '- i/2, » 



Tr [A a c ( Pl )(E a ) AC A dB (P2)(an^P3,MP3)} (2na')-^ {amAB) . (3* 



The amplitude which includes the auxiliary field H^ a is given by 

= 2-^ Tr [^(PiK^AcA^^n^HM] {2<Ka')->F {aP){AB) . (39) 

Another color order contribution needs to be added. These amplitudes are obtained from 
the interaction 

C 2 = -^Ti[{(an a Hd^a-tH, a ),A &A }(i: a ) BC Af](2n a r 2 ^ ){AB) - (40) 
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The first term in ( |29l) is given by 

/• rij dyjdzdz Hm) i Hz) i m 
J dVcKG { } 
x ((dX a ( Vl ) + z(2W)*p 1 ^°(yi)) (dX b (y 2 ) + i(2na') 



x V{yz)Sa{z)Sp{z)S A {z)S p {z)S B {z) JJe*^ 7 ^^) \ . (41) 

i=i / 

In the above amplitudes the term containing dX a dX b gives the contribution (SaSp) ~ e a( g, 
which becomes zero after the contraction with the (S,S)-type background. The terms 
containing the single dX do not contribute to the amplitude due to (Saip^Sp) = 0. We 
obtain 



-TV[(<^)^(rE 6 ^)^ip 1 ^^ (p 1 )ip 2 ^ 6 (p 2 )^ c (p 3 )] (2W)I^^(42) 



4tt 2 



The amplitudes including auxiliary fields can be calculated in a similar way. Multiplying 
appropriate weight and symmetric factors, the interaction terms in the Lagrangian are 
shown to become 

1 47]-2 

+ ^|^Tr [{an a ^ b r) AB {H^d v ^ c ] (2na')l^ a ^ 

+ \ 7 $^j^Tr [(an«^ a i: b r) AB H, a H^ c ] (W)i^^. (43) 
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Now we compute the amplitude (1301) . The first term in (1301) is given by 



. dyjdzdz 



dV ( 



CKG 



( e -to) e 4W e -^))(f^(j te )^( !/ 3)s il ( z )5 B (i)) 



9X"(y x ) +i(W) W^(yi)) S a («)^(^)JJe iV5 ^ w - x(w) ) • (44) 

3=1 / 

The term including dX does not contribute to the amplitude for the (S,S)-type background 
again. Evaluating the correlation functions, we obtain 

-Tr [(ana^^ABipi^A^H^ip^ips)] (W)f J***^. 



(45) 



Taking into account other color ordered contributions and adding the second term in (l30l) , 
the interaction terms become 

-2; 



%YM 



Tr 



a^) Q/3 (E a E b S c ) AS ( d [fl A u] - -E^ \ {H ab ^ c } 



(2W)5JF(^ B ).(46) 



This amplitude is given by 

«C(pi)vf ,/2, ( K )Kr i/2, (P3)v4- i/2 '- i/2, » 



(a/3)(AB) 



n . <%<fe<fe , _ i 0(j , 2)e _ i0 (y3 ) e - i^) e - 



CKG 



X^V( 2/l )5c(2/ 2 )^(?/3)^(^)5 B (^))(^( ? / 2 )^(|/3)5 Q (^)^(^)). 



(47) 



12 



Using the formula (!75|) in the appendix A, we get 



2V271 2 



kg 2 



Tr 



YM 



raft x /t ' 



Adding the color ordered amplitude and considering weight and phase factors, we find 
that the interaction term is 



Tr 



YM 



(r b )/e CDA , B H ab A a c A D (2W)^)^ 



(49) 



To summarize, the first order correction to the J\f = 4 super Yang-Mills action from 
the (S,S)-type graviphoton background is 



(S,S) 



£1 + £2 + £3 + a x C A + a 2 C 5 . 



(50) 



Here we have introduced additional weight factors a x and a 2 , which should be determined 
by higher point disk amplitudes without auxiliary fields. In this paper we will determine 
these weight factors such that the deformed Lagrangian is consistent with the one defined 
on J\f = 1/2 superspace. 

By integrating out the auxiliary fields and defining the deformation parameter C by 
(j(aP)(AB) ^ —Sn 2 J r( - a/3 ^ AB \ we find the deformed Lagrangian is expressed as 



'(S,S) 



(51) 



where C^ Y ^ is the ordinary M = 4 super Yang-Mills action (|2"2"|) and 



(S,S) 



i 1 



2 kg YM 

1 1 

2 kg^M 
1 

6 kg\ M 
i a\ 

3 kg Y yi 
i a 2 

4%YM 



TtIF^aA B 



Qfii/(AB) 



Tr [{iV BJ (OadA^} (E°)bcA, 



c 



£<(a/3)(AB) 



Tr [(a^) Q/3 (E a E b E c ) AB D^ aJ D^^ c ] C^X AB ) 



Tr 
Tr 



( 0"^ ) a/3 ( ^ E & E C ) VaVfcVc 



/■=raft, /t ' 



S ) A SA'BCDVaVb^a A 



(52) 



Here C 4 "^ is defined by C^ {AB ^ = C^^e^a^)^ . We note that the bosonic terms 
in (1521) gives the ones obtained from the Chern-Simons term [T5] in the R-R potential, 
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which was also observed from the M = 4 super Yang-Mills theory on non(anti)commutative 
Af = 1 superspace [2] (see also appendix B). The reduction to deformed Af = 1 super- 
space is done by restriction of the deformation parameter C^ a ^ AB ' to C^ 13 ^ 11 ^ . The 
deformed Lagrangian (|52|) agrees with the non(anti)commutative one in [H] if we choose 
the weight factors to be a% — — ~, ci2 — —Ai. 

4 Vacuum structure of deformed Af = 4 theory 

In this section we study the vacuum structure of deformed Af = 4 SYM theory based on 
the Lagrangian (l5Tj) . For simplicity we take A = A = 0, and consider ip a as constants. We 
also assume that only U(l) part of gauge field strength F^j 1 ^ is non-vanishing constant. 
In this case, the Lagrangian becomes 



^scalar , 2 

K9yM 



(53) 



_4 ir "' r " J 6 
The equation of motion is given by 

[cp b , [<p a , cp b )) + l -(r^r) AB F^C^ [tp b , cp c ) = 0. (54) 

We want to find the solution with the ansatz 

[<f&, fb\ = iK£ abc l Pc, (a,b,c= 1,2,3), 

^ = (2 = 4,5,6). (55) 

Taking the contraction with C^ AB \ totally antisymmetric part of (£ a £ b £ c )AB remains. 
We find that the equation (1541) reduces to 

in, tot, n}} + l ^ahc( F ■ c) in, = o (56) 

where (E°E 6 E c ) yiB C' Miy(AB) is written as e^MabC^^ for a symmetric matrix M A b and 
F ■ C = F^ l) C^ AB ^M AB . Applying the ansatz ([55]) we find (PD can be rewritten as 



(57) 



Thus the constant k should be 



(i) k = 0, (58) 

(ii) k = -\{F-C). (59) 
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In the case (i) this gives the ordinary commutative configuration of D3-branes. However, 
in the case (ii), due to the non-zero R-R background C, we have the fuzzy two-sphere 
configuration [(p&, </?g] = ine^-tpc- Here we regard ipa, as the generators of SU{2) subalgebra 
embedded in the iV-dimensional matrix representation of the gauge group U(N), which 
are normalized as (p a (p a = Hnxn- The radius of the fuzzy two-sphere is given by 

R 2 = ifl = kH1 NxN . (60) 

5 Conclusions and discussion 

In this paper, we have investigated the effects of constant self-dual R-R graviphoton 
5-form background to the U(N) M = 4 super Yang-Mills theory defined on D3-brane 
world-volume. In this paper we discussed the first order correction from the graviphoton 
background to the Af = 4 super Yang-Mills theory keeping (2ira') 2 T = C fixed in the zero- 
slope limit. This scaling gives the same dimension with the non(anti)commutativity pa- 
rameter of superspace. The deformed action would be defined on the non(anti)commutative 
J\f = 4 superspace which is characterized by the Clifford algebra {9 aA ,9^ B } = C^ a ^ AB ' . 
It would be interesting to study this deformation by using pure-spinor formalism [20] of 
superstring, which provides a useful method to studying higher order corrections. 

By restricting the R-R 5-form field strength to the M = 1 deformation parameter and 
assigning appropriate weight factors to the amplitudes, we found that the effective action 
agrees with the one defined on M = 1/2 superspace [T4] in our convention. We also find 
the fuzzy two-sphere vacuum configuration which is induced by non-zero R-R background 
as in [T2"j . In our calculation, there are no tadpole contribution nor divergent structure of 
the disk amplitudes which suggest the consistency of the constant R-R 5-form background 
with flat space-time. 

We can do similar calculations for the other types of R-R background such as (S,A), 
(A,S), (A,A). As pointed out in [TT] . the (S,A) and (A,S)-type backgrounds can not be 
interpreted as ordinary non ( ant i) commutative deformation of superspace because their 
index structures are different. On the other hand, (A,A)-type background, which corre- 
sponds to R-R 1-form background, would provide the non ( ant i) commutative deformation 
of superspace. 
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Another interesting issue is to choose different scaling conditions for the R-R back- 
ground in the zero-slope limit. For example, in Af = 2 case, the (S,A)-type background 
with the scaling (27r«')5jF = C is studied in [19]. The R-R three-form is regarded as the 
^-background, which was used for the integration over the instanton moduli space [21]. 
The C-deformation scaling {2Tia')^^J r = C would be also interesting pQ. 
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A J\f = 4 effective rules 

In this appendix we summarize some definitions and useful formulas which appear in this 
paper. 

We define spin fields in six dimensions by 

S 4 = ^-i^-i-M-l-fe 5 4 = i» e ^+^-^. (61) 

The correlation functions for ten-dimensional spin fields can be realized as the product 
of four-dimensional correlator and six-dimensional ones. Each correlator is expressed in 
terms of gamma matrices, which is evaluated by using the effective rules listed below. 

We firstly write down the correlation functions for four- dimensional spin fields: 

(S a (z)S p (z)} =e a( s(z-z)-K (62) 

(S*( yi )SP(y 2 )) = e^( Vl - y 2 )~K (63) 

(S*( yi )SP(y 2 )S a (z)S p (z)) = e^e aP { yi - y 2 )^(z - z)~*, (64) 
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(S a ( yi )S^y 2 )S^z)S\z)) = [( yi - y 2 )( yi - z)( yi - z)(y 2 - z)(y 2 - z)(z - z)]~* 

x [e aS e^( yi - z)(y 2 - z) - e a ^ 5 (y 2 - z)( yi - z)] 
= Kyi - 2/2X2/1 - z)( yi - z)(y 2 - z)(y 2 - z)(z - 

x [-e^fa - z)(y 2 - z) + e a5 e^( yi - y 2 )(z - z)] . 

(65) 



The correlators including world-sheet fermions become for example 



(66) 



(rr(yi)S & (y 2 )SP(y 3 )S a (z)Sp(z)) 

- T vv\*ji c (yi - yd 



= (2/2 - 2/3) 2 (Z - Z) 2 



(2/1 -2/2) (2/1 -2/3) 



z - z 



(2/1 - 2X2/1 - z) 

(67) 



Next, the correlators for six-dimensional spin fields used in this paper are 

(S A (z)S B (w)) = 5 A B (z-w)-*, 
(S A (z)S B (w)) = (S A (z)S B (w)) = 0, 

tABCD 



(68) 



(Sa(zi)Sb(z 2 )Sc(z3)S d (z 4 )} = 



(Zl - Z 2 ) 4 (Z X - Z 3 ) 4 ( Zl - Z 4 ) 4 (z 2 - Z 3 ) 4 (Z 2 - Z 4 ) 4 (z 3 - Z 4 ) 4 

(69) 



and 



(5 A (2/i)^(2/2)5c(2/3)5d(2/4)) 

1 3 3 3 3 1 

= (Zl - 2 2 )~4(zi - Z 3 )~^(z 1 - Z A )~*(z 2 ~ Z 3 )~^(z 2 - Z A )~±(z 3 - Z 4 )~± 

[-(*! - ^ 4 )(^2 - 2 3 )W + (zi - z 3 )(z 2 - z 4 )5 A D 5 B c ] . (70) 



X 



Here €abcd is an anti-symmetric tensor with ei 234 = 1. The correlators including world- 
sheet fermions are 



mVi)S A {z)S B (z)) = ±= ( S a ) AB ( yi - z)-k yi - zYhz - z)-K 



(71) 
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{rAyi)r(y2)s A (z)s B (z)) 



1 



1 1 



+ 



a/2 2/i — 2/2 
1 1 

2^2 2/1 - z 
1 1 

2\/2j/i - z 



"(r b )/(S c ) B , B (2/ 2 - zyHy 2 - z)~Hz - zy 
\T b )£\T) AB ,{y 2 - z)-\{y 2 - z)-\{z - z)\ 



(72) 



where we have defined (S afe )/ = \ ((£ a ) AC7 (£ fc ) CB - (£ b ) A c(£ a ) CB ) . The following for- 
mulas are valid only when they are contracted with the (S,S)-type background C^ a/3 ^ AB ^: 



(S y S c (yi)S a S u (y 2 )rr(y3)S a S A (z)S l3 S D (z)} 

= l £ ip(^)a(^)AcS D B (yx - V2)~Hvi - z)~Hvi - z)~^(yx - y 2 ) 



x(y 2 -z) *{y 2 -z) *(y 3 -z) 1 (y 3 -z) 1 (z-z) ±(z-z) 2 



(73) 



{rr{yxW^\y2)r{yz)SaS A {z)SpS B {z)) 

= -^(an«*(°n%(^ b r) AB 

x( yi - zY 1 {y l - z)- 1 (y 2 - z)- 1 (y 2 - zT^j/s - z)~^{y 3 - z)~^{z - z)*.(74) 
(r^ b (yi)S c (y2)S D (ys)S A (z)S B (z)) 

= $f') A ecD A >B _ J\ [(^ 2 ~ 2/3X2/2 ~ z )(y? - 5 )(2/3 - z)(y 3 - z)(z - z)]~* . 

(75) 

B J\f = 4 super Yang-Mills theory on M = 1/2 super- 
space 

In this appendix we calculate the Lagrangian of M = 4 super Yang-Mills theory defined 
on M = 1/2 superspace. In terms of M = 1 superfields, this theory is constructed by a 
vector superfield V(x, 9, 6) and three chiral superfields $i(y,9) {i = 1,2,3) which belong 
to the adjoint representation of the gauge group U(N). The deformed Lagrangian [TJ] is 
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defined by 

3 

£f= 4 = ^Jd 2 9d 2 9TiJ2(^ l *e v *^*e- v ) 



i=i 



16kg 2 



1 



d 2 9 Tr (W a * W a ) + — — 2 I d9tv[W & *W 
/ym ^ *-®kg YM J 



3 fc 



y Tte ij "* ($, * $ 3 * $ fe ) + ^-^Y j d 2 9 Tie i]k ($, * $ 3 * $ fc ) . 

(76) 



Here the star product is denned by f{9) * g{9) = f{9) exp — \C°-^Q a Q^ g(0). Q a is the 
supercharge defined on the superspace. It is convenient to redefine the component fields 
of a superfield such that they transform canonically under the gauge transformation. The 
expansion of the chiral superfield is the same as the undeformed one: 



*i(y, 9) = friy) + iV2toJ>i(y) + 99F l (y). 



(77) 



The anti-chiral superfield is expanded as (22] 



*i{y, 0) = Uv) + iV20^(y) + 99 fay) + iC^d^fr, A u }(y) - ^C^[A„ {A u , fc}](y) 



where we have defined C^ v = C af3 e j 3 1 (a tJ-u )^ 1 . The vector superfield in the Wess-Zumino 
gauge is [I] 

V{y, 9, 9) = -9a»9A,{y) + i999X(y) - i999 a (\ a (y) + -^C^a^{\\ A^y) 



(7i 



+-6660{D{y)-idpA»{y)). 



(79) 
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Rescaling appropriately component fields and C alS by gauge coupling constant (?ym? we 
find that Lagrangian (175]) becomes 



£ 



JV=4 



-Tr 



-t V" - - d^d^ + m + Id 2 



-^i^AA + ||C| 2 (AA) 2 + '-C^F, u g h F t } 
_^L C «P {D ^ ( a ^)4^ _ i|Cf A][A, Fj] 



(80) 



Integrating out the auxiliary fields we get 



£ 



JV=4 



-Tr 



-^F^ - \f^F, v - iXa'D^X - i^D^ % - D^D^ 



n r?j Lru r?j 



-i\/2[0i, ^i]A - iV2[0«, ipi)X - -[fc, 4>i] 2 + 
- l -C^F, u XX + ||C| 2 (AA) 2 - y^C^{D^, KA) Q }^ 

-C a(3 [fa, UMjf* + j^\C\ 2 e ijk [fr, A] [A, <^ fc ] 



'j<Pk 



+ —\C\ 2 £ ipq £ jrs l 



(81) 



We note that the term — C a ^[(f)i, 4>j[ipi a '4 , jp m the 5th line is absent in [T4]. The relation 
between scalar fields ip a and fa is given by 



(z = l,2,3). 



J2) 
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